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Let S he a jy—a_d—bd Ifil/\,j. A \qllra_ejeo\ S-mod ule IS o
D-medule M witw a decomposihion

M= B M,

deyz

such gt SJ‘MQQ Md-&-e.

e twisted module M) (s M w/ grading shifted by

n, e Twe do 3mM v povient of- Mn) s

M(h]d L= Mdﬂ\_ .

Movphisms in e Uu{-cﬂowj ok gmd«_d’ D-modyles ave

da gree - pre serving -module howmomorphisms.

Given o fjmﬂ.w( %wvxocﬂuu M/ we  Com construckt a Sheat
'(A\' own PVDOS |°‘j j“’“’\-j T‘/UL sectivhg on AI.SWl:lj(A(SM

0 p—ens

Fovr F €S, howvogemepns, defive
~ m "
(00 () =My o= (M), L F [P ot memu

Mis is matwally an Sy = Oy, (DA(F)) - medule,

VERTE Sheat W/ vestichon maps  lowalizahtn,  called Twe
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BPoperhes £ M
Lt X = vadg, M a jlfad/.d S'Modulf—-

@ 1# PeX, Mum (A)o- My, = (M),

@ le FeS, ’nomogﬂvu.ou,sj s H(F)-

M (D+(F)

R G s a juasi- toherent Ox —module ([ma @)

Question: £ M= M an e,qui\/aulmbe, ol c,a(-eﬂoqu)
OW\C‘leUIAS o tue oo caye? WNoo

Gx: et S:\m[w_)\iﬂ) I=(,7c\) J—:(FXEPXUB idegls o S

congideved ay S‘W\ozluus) VV/ stovnd avd (7\/'6\0“1/\3.
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Twn T =00k ®k&E ’Xj>@

J=0®0® k(xz)'xj>@

T
Aa_ﬂD

ln  pavficulay, Ii:3i=%;~(x fbvy (22

Let FeS, e howogemeous . Set oLLjF=0(>O-

TM l'@ CA&IMJ FGGIM-(-J:‘TM+¢J +\/\/€8&+ Qa hﬁ.‘hmrﬁ[ iSowr.
lwnduwced b'j e inclusion J ¢T:
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These maps ave wpafible w/ w.si-vfch'&\, o Twis extonds fo

"o

v g0 mov phipn T 5T evem tMowgh T #FJ as S-moduley,

—

Move Q”'Wa“‘j; it M oad N ave jmolul S-modules with

Mzd = N.?ol fv  soww d) T ﬁ = N. (U-R- e Same Frick

+o g,e,(- oV imo\r\a\/\f‘mﬂ)

We will see That iy i¢ olso a necessany ondihion for
T\(X = Q (. we have o e,c‘ufva\wcz o4 qujov{cg
hetweon Dtuuasl'-col/wvw\+ sheaves own ’onc')g ovdl JV&M
S-modules  up 1o ectu]va(tzmo;) whwe M ond N owe

Qvlu\'val-ﬂ_m‘l‘ it M,y = Ny fr ova  d.
First we need M ﬁollowfv\\-j con chruchion

Def: Lt X=PriS, we & Dehn t sheak

O (=) = 50

(%("‘)d:: Sned )



Oy (1) is called M twisting shuaf 16 F 15 on Sheat of
Oy ~wodules, defina

F ()= FT,0,(w.

Clatm: L€ S s g»wwroﬂ—d Im{, Su as an So—a(jelom
(a; in Twe po(ej. vfmj fov exaw\}oQB) T Gx ("‘) rs
invertible (ie locally Bree ol ronk U)

s UD+(F3=€P6X/ S\¢P}S=>Q sine i€ S ¢EP

— Fes,

e S6P.

Thus  Du(F) cover X) for FesS,

@x (V‘) (D+ (F )) = S(V\\(F) , o SCF‘)— Mmodule.

S(M)(,F) is Twe elts o2 O(Lj"'i-e, i in SF . Y we 2}/{‘
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Note that i€ M is oy graded S-module, we have
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M(n) = @3- Mo : Moasm) = M(w. In

Pavhicular:

6("‘)@’6(‘”‘) = O(V\.{-\N\).

& T 4 amohar jmdw V\'l/j a(so_je,l/wm(—cd in dAjr&Q (_)
omd Y:S—T a 3v-ao(kd hmamorplx\{ém.

(ot U:{PGPmOTlP$(—fCS,)gJ done O o seh in Pde=7

, X
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Pr—=¢"(P)

hbvr M a jra.d.z.a( S-module ond ‘\lajmdu.cl T - module,
d'ULH‘ ke v Me affine case we have

af*(mé“(%?j% od EL(S]) = N
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We know how to ‘I-UIb~ o ij V'/tod.u(& %okje-l- a
Quasi-coherent shuaf on PVDd S



Unlike in Twe odlline ose, we coantt vecove,r e wodule
Aom a shae dd bﬂ {'&\f-(l/ﬂ ﬁ(o(oa( &Ld‘l'd\f\g

Ex: Lt Srk(m-), X=PyS=P.  uw S0 SE@.

et U= Dy () T Ox () (U= S0 {W.lFeSdE,
These  cover X) S0 We coam get Jloba\ g<,m‘\c5m

F(XJ Gx(”}) = {CSJ GWS(")(M\“:S& i SC‘QCN?J)}

'F.'

BM.'(‘ —d#l = %l = dﬂ F ova '7(0‘ [ G =) F =G “'O.
% x.
d \ \
d“j chﬂ e

% C(X,0,6))=0 =+« Q0.

Note Mat for Ox(w) with W20, we do have jlo‘oa( Sechis:
how\oﬁ@moug ‘aol}j\/\()'\’vn’alg od Ouj , l-e. gv\_~

Move g,c\/u,va“b) we Con Conshuct a jlra.,dgcx C-module
fLovn Y sheat ’Olj S\Aww\\'\\«j over ﬂVﬂ/:j st

Def: X:P"Da%. [t F be a shead of Ox-modules. Twe
qraded S=module ossodiated to F s
[« (%) =,@ T (X%, F0a).

£ 5e¢S, and Tl (X, F(w)) debine



st S et ¢ r(x)’;(uwc?)x@\ﬂ 2 ((F (ned)),

For S « poltjv\owfq\ Vl'vxj) Tis conshuchiv rewvus S fowm
e chuchue sheaf:

R S R Y S
Twer F*(Oﬂg'S.

Pf: Similar 1 eXoample above. Cover X with bi_(’?(t\ to
CLom ppute alobq[ sections. (See Har Lov ob:l'qils) i3]

Note: Fov S o alrloi"‘ral’lj-jvvulx_d ving, we dow't
V\—LceSsam'l\? have r* (6x3=8.

| £ rj\: i quagi-co(/\evem{") ™is conshuchon 31'\/£S W3

o Owe-srded tnverSe ‘Fbv . PV&C(&&(LJ:

Theovenmt S « 3V0L¢'L<_d riV\jJ (z{\m"l'ﬁl‘j g//'/\?/lrm(-co{ i S‘
og o S, algebva, e 3" S"C«“'"ﬂ%) X = P""a S,
?i quasi—col«ur{h{- o X. T 'h/\-ure,‘g o~ (%mov\o\nfm

o (H) —F

As we saw , Mmany modules Vmagjiw Twe Some sheaﬂ
bat To(F) iy e “\mﬁgasfj'



UP o ealu(\/a(wu, oA W\oduug) ™isg jqu o Oovne-1o-one

COvieg p aon d\,u\,\c_z_

ES o du QSAu\v}) = {qMS' Whaevemt Shecdes on 'Pw_ng}

To pwve e theovem, We heed Twe ﬁl(owfv:ﬁ wseful levmma,

whith s a Q/U‘fwv-a“?rah'ﬁ\’\ & owe we had own %P—e/c/, ook
e prood is very similay, sp we [Rave (+ out

Lemma: X a schme, $o o invevhble sheaf Fe r(xﬁ)

{’xe)(\:ﬁ ¢WLK150;MX ,

max'l ideal
W G*IX

ond T fuasi- coher.ent

a) £ X is quasi-Ompact e r(X)?> 5.k. SI =0, Then

K¢

3CV\S =0  in l’()() ’}'®5~®h> for some n>0.
Lﬂ [ £ X=UU;J U ot alline, il foe oand U (\U
quasi -compack, them given b€ F(X+ ﬂ Muwe is W>0,

.. {“ter(xf) ’?(D;L@h} extonds to a\j(obq( cechn
ot FoL®"

(Mme hypotheses of &) ad b)) ave sahsfied i€ X s
Noetwerian or it X % qu,a.si-c,dw\pad- ol ;&Pava‘fe.cl.)



PE o Mheovemn : TFivst we Lfine - E?f) -7, by

o(aPrVn'hj F on Df(;? Sinae D) 18 afline spad
Tae Sheaves are quasi-coh., T+ swipies o give
Mmodule maps ' '

f(3 (Po) — T (Do)

Twat S, Wwe wont B kmow e ('W\Q—je ok 3“‘ , wha e
me [ (X, %W,

ﬁ is o Sechon o8 @XC-J) over Di_(-f\) So Set

e () - med ¢ (DG, TN (D).
¥

To show B ic an isomorphiom, first noke That we comn
find  Fo, o F0 €S sk X i coveved by D, (F), o
seb =GN, L is free v each Dy(F) T we
apply Mo lemma  ond et

Ty (ou)  (Brersed ety

Sin e ‘9-“ 1§ qu\agi-cohqw_hi-) Tl/\ié; i\mp(fes (7" VQS('Vl'Lh“UMS ot
e Sheaves 1o Di—('f') ave isowxovan'(,. 0

™is  has T {»llowwﬂ hite application

C&‘f'- let A he o rFing.



v-’rx
a.} (£ Y in (PA a cloge d Subgcl,\Lm) Twanm T\/\u/e‘g oo
[’\OV\AOjUALOLAS v al T ¢S = Alx., ---'7‘;3 st Y g
e closed subsch. deter mined oy %d(s/]-_>—>x

b) A schaeme Y over SpechA is projechive (it C‘ORO““E\V)
=D YQPmdS for somae S st F,A awmd §

(\-'A[)(J"JK"]

1% C'g. bxj Sl Ay Ah g.,“alj,clom. (i-e. > /I>

_1_336 a.) Lt Ly € éx Tt ideal shealf o€ Y Firsd note
Tvat 'fw\sov{v\\j ki\j ®x CV‘) is exact Sine i+ i free om
Suvune op,um LoV, ovndl ‘FV'-&., moo{u(ts ave -«Cla'(‘.

In pavhiular,

Sy (d) €O« (d).

Takt'b\j global sections ig (eft exact Thus
(%, Ay () €T (x,0,(4))

= @)L (0)=S (b pop above).

T™™Mus I = l_s( (l.y) 15 & l'\oWijem/ns idxl.ﬁl D’@' S) which
detevmines gowa closed subschame of X whose idea)

ne

sheaf s T (do gou see wb\ﬁ?\

2

By Mo _n/u.ovuxvx) T
by L.

Jz.\{ 5 So \/ is T su bs charna_ determine



L) £ Y is a closed subscl. o% ﬂDAM, T ""‘9 a“>;
Y & Pma (5/1;)) for some LT %SJ, so Twa+t (3/:1:>o = A.
(see x3.(2)
Conversely Q= A&“"_/q“)/‘l_‘/ so Y is o closed
subsch. of  [Fa. T



