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Let s be a graded ring A gradeds module is an

S module M with a decomposition

M OtMdde2

such that SdMeCMate

The twisdule M n is M w grading shifted by
h i e The dth graded component of M n is

µ uld Md n

Morphisms in the category of graded S modules are

degree preserving Smodule homomorphisms

Given a graded S module M we can construct a sheaf
NT on Projs by giving the sections on distinguished
opens

For F Est homogeneous define

ACD Fl Mee Me o FI deg D meMd

This is naturally an See Opry 1 F module

Ft is a sheaf w restriction maps localization called the



ssociXM on ProjS

Property
let X ProjS Magraded S module

If PEX Then A p Mcp Mp o
If Fest homogeneous MID.ee MTF

NT is a quasi coherent Ox module by

Question If M NT an equivalence of categories

analogous to the affine case No

Ex Let S kCx y I x F x2 Xy ideals of S
considered as S modules w standard grading

deg0b
Then I O k x k x2Xy

J O O kai xy
7
deg0

In particular Ii Ji Si X for 1 22

Let FES be homogeneous Set degF D O

Then if GEIm FGCIm D Jm d t we get a natural isom

Induced by the inclusion J EI



Jee ICFI
H H
1

Fn Fn
FG G
f htt Fn

These maps are compatible w restriction so this extends to
an isomorphism In IT even though I 4J as S modules

More generally if M and N are graded S modules with

Mzd E Nzd for some d then M E N Use the same trick

to get an isomorphism

we will see that this is also a necessary condition for
A D i e we have an equivalence of categories
between quasi coherent sheaves on ProjS and graded
S modules up to equivalence where M and N are

equivalent if Mzd ENzd for some d

First we need the following construction

Def let X ProjS we 2 Define the sheaf

n 5Th
T
said Smd



l is calledthe twistif If F is any sheaf of
modules define

F n 7 0 0 4

Claim If S is generated by S as an So algebra
as in the poly ring for example then Ox n is

invertible i.e locally free of rank 1

Rf Dft PEX Sil P X since if 5 EP

thin Step

Thus D F cover X for F c S

n Dt Fl S h an Scp module

SchCE is the elts of degree u in SF So we get
an isomorphism of Sep modules

S h e S F
m 1 MF

F m 1 M

Thus n is locally free of rank 1 D

Note that if M is any graded S module we have



tu n NT 0 n NT Stu M MI In

particular

n 0 m 0 ntm

If T is anothergraded ring alsogenerated in degree 1
and 4 S T a graded homomorphism

Let U Pe ProjT P44 St an open set in PwjT Y

Then 4 induces a morphism f i U ProjS and
P 1 4 p

for M a gradedSmodule and Na graded T module

just like in the affine case we have

f R E MOTT
u
and f Dla NT

N
as an S

module
In particular

f 0 41 0 n Iu and f Oyama f 9 n

T f
s n T n

check

We know how to take a graded module and get a
quasi coherent sheaf on ProjS



Unlike in the affine case we can't recover the module

from a sheaf bytakingglobal sections

Ex let S kCxo xD X PwjS Pan Then Qf SfT

let Ui Dt xi Then OxC 1 Ui Stl ftp.t FESd
These cover X so we can getglobal sections

X 0 4 si c ITSC HiIsi Sj in Sf c i j

But Fiat xidt'tF and Xjet IG F G O
T e
degd dege

so f X C i Ot SC l

Note that for n with h 20 we do have global sections

homogeneous polynomials of deg h i e Su

More generally we can construct a graded S module
from any sheafbysumming over every twist

Def X Projs let 7 be a sheaf of Ox modules The

graded S module associated to F is

F n
f X Ichi

If seSed and te f X F ul define



St S t e f x Fcn d Cft utd

For s a polynomial ring this construction recovers S from
the structure sheaf

Prep A a ring S A Exo xD rel and X ProjS 1Pa

Then G Ox ES

Rf Similar to example above Cover X with Dt Xi to
compute global sections see Har for details D

Nete For 5 an arbitrarygraded ring we don't

necessarily have Ox S

If F is quasi coherent this construction gives us

a one sided inverse for Precisely

theorem S a graded ring finitely generated in S
as an So algebra i e S SOG YI X Projs
I quasi coherent on X Then there's an isomorphism

p ICF F

As we saw many modules maygive the same sheaf
but II F is the biggest



Up to equivalence of modules this gives a one to one

correspondence

s moduleseauiu quasi coherent sheaves onProjs

To prove the theorem we need The following useful lemma
which is a generalization of one we had on Spec and
the proof is very similar so we leave it out

Ha X a scheme L an invertible sheaf f c T X L

X xeXIt m L EX
open

Max'tideal
in Oxx

and I quasicoherent

a If X is quasicompact Sef X F s t S1
y
O then

f s D in X F La for some u 0

b If X Ulli Ui open affine Ltu free and UinUj
quasi compact then given te f Xt t there is n O

s t f t c Xf Fox
n
extends to a global section

of F L h

The hypotheses of a and b are satisfied if X is

Noetherian or if X S quasi compact and separated



Pf ofTheorem First we define p T F byus
defining it on D f Since D f is affine and
The sheaves are quasi Wh it suffices to give
module maps

7 D ft F D f

That is we want to know the image of Fd where

m e f X 7 d

Id is a section of Cd over D f so set

B Fa m fa E HD Ct F d 0 1 d

To show B is an isomorphism first note that we can

find fo fr cS s t X is covered by 1 ti and

set L i L is free on each D fi then we

apply the lemma and get

fxCFIHETCDi.CH Exercisegs isnuIg.diuity

since F is quasi coherent this implies the restrictions of
the sheaves to D t are isomorphic D

This has the following nice application

Cer let A be a ring



c X
a If Yin IPA a closed subscheme then there's a

homogeneous ideal IES Ako XD sit Y is
The closed subsch determined by Proj VI X

b A scheme Y over SpecA is projective ie closedinPf
ye Projs for some S s t So A and S
is f g by S as an S algebra ie SEA

If a Let dy C the ideal sheaf of Y First note

that tensoring by n is exact since it is free on

some open cover and free modules are flat
In particular

Iy d COx d

Taking global sections is left exact Thus

X Iy d ET X d

f Iy E Ox s by prop above

Thus I E dy is a homogeneous ideal of S which

determines some closed subscheme of X whose ideal
sheaf is I doyou see why

By TheTheorem I Iy so Y is the subschemedetermined
by I



b If Y is a closedsubsch of IPA then by a

YE Proj VI for some I Est so that SII A
P

see ex3.12

conversely S AC HI So Y is a closed

subsch of 1Pa D


